Abstract. In this paper, an e ective method for structural damage detection is put forth in which an objective function based on the natural frequencies and modal shapes of the structure is established to identify and detect structural damage. The problem is de ned and solved as an optimization problem employing Imperialist Competition Algorithm (ICA). Moreover, four numerical examples are examined each of which has di erent damage scenarios in order that the applicability of the method would be clearly proved. The results show the e ciency of the method in detecting single and multiple damages to di erent structures. Afterwards, the e ects of measurement noises are included in some of the examples so that the method can be more consistent with real situations. Besides, a comparison among several evolutionary optimization algorithms in the research is made to enlighten the accuracy, robustness and reliability of the method. All of the results lead to the conclusion that the suggested method of the paper is of good accuracy and, therefore, can be both used and trusted in solving damage detection problems, even in the case of measurement noises.
Introduction
Structural damages normally occur due to di erent loading and environmental conditions which a ect the design's service life and desired performance of the structures. In order to identify such defects and prevent their progress, structural damage detection methods have been developed. More importantly, detecting structural damages in the earliest stage is the most important aspect of this branch of structural health monitoring to which a large amount of literature is devoted. Amongst di erent methods o ered so far, vibration-based structural damage detection is of greatest importance due to its simple implementation as well as convenient measurement feasibility. A comprehensive review of damage detection via vibration methods is given in [1, 2] . Generally, structural damages alter the modal properties of the structure which can be conducive to nding such defects [3] [4] [5] [6] [7] [8] . Modal data-based methods of detecting damage have been developed by di erent researchers [9] [10] [11] [12] [13] . The most common modal data applied are natural frequencies and modal shapes [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] .
Natural frequency has the advantage of being easily measured for structures, and it is not dependent on the position of the measurement instruments. Moreover, measurements of natural frequencies are of higher accuracy than those of modal shapes are. A structural damage detection scheme is established using the natural frequencies of the structures by Kaveh and Zolghadr [25] , where the authors solve the inverse problem of damage detection using changes of natural frequencies. They also use the Charged System Search (CSS) algorithm to solve the optimization problem of damage detection and exemplify their method for a two-span beam, a two-span three-story frame and a four-span ve-story frame. In [26] , a vibrationbased damage detection scheme employing the natural frequencies of the structure was proposed and great e orts were made so as to overcome the obstacles faced while utilizing the natural frequencies, where a Particle Swarm Optimization (PSO) algorithm was applied to optimize the inverse problem of damage identi cation. However, this parameter does not provide enough information to completely identify and detect any damage to the structure. Furthermore, we need to detect both the severity and the location of damage, and this cannot be accomplished by using natural frequencies only, since relatively high damage severities cause only small changes in natural frequencies; thus, small damages which possess a greater degree of importance in global damage detection problems cannot be detected by examining the natural frequencies alone.
Apart from natural frequencies, measuring vibration mode shapes of the structures can be helpful for detecting structural damage since mode shapes contain a great amount of information about the damages to the structure. In this context, a damage detection approach using the modal shapes was elevated by Kaveh et al. [27] , where an objective function based on mode shapes was de ned, and the problem was optimized using a mixed PSO, ray optimizer, and harmony search. Furthermore, a two-stage method for detecting damage in high-rise shear frames was proposed based on the rst mode shape slope in [28] where the optimization problem was solved via ICA. Other scholars, on the other hand, are available which suggest using modal shape curvatures so as to identify structural damage. Pandey et al. [29] investigated the existence as well as the location and severity of structural damage in two beams by comparing curvature mode shapes of the elements; their research was shown to be successful in this respect. There are also a wide variety of literature investigating structural damage using di erent modal parameters of the structure. Moreno-Garca et al. [30] , however, adopted a new technique based on Ritz method so as to estimate the computation error of mode shape derivatives of structures, by which the optimal spatial sampling can be de ned to minimize the in uence of the error. They compute rst-, second-, third-, and fourth-order derivatives using nite di erences with a quadratic convergence of the spatial sampling in order to localize damage in a laminated composite plate.
In [31] , a damage detection scheme was provided aiming to determine structural damage by investigating the changes in the exibility matrix of the structure. Balsamo et al. [32] , on the other hand, de ned a modal parameter-based damage sensitive feature which imitates the relative changes in diagonal elements of the sti ness matrix of a structure. The damage assessment in their research was carried out on a statistical framework using empirical complementary cumulative distribution functions of the damage sensitive features which, themselves, are derived from measured operational vibration response data. In [33] , a numerical model was proposed for damage identi cation of composite structures modeled based on orthogonality condition sensitivities of the structures' mode shapes in both damaged and undamaged states.
To derive bene ts from both natural frequencies and mode shapes simultaneously, Perera et al. [34] employed a combination of natural frequencies and mode shapes of the structure in a multi-objective framework to construct an objective function for damage detection. Instead of directly using these parameters, they make use of their di erences in the objective function. They proved in the paper that the di erences of modal shapes and natural frequencies are not sensitive to modeling errors and are damage-sensitive parameters. Although their method seems e ective, there are discrepancies in the approximations made for the damaged elements; more precisely, damage is not exactly determined. Later on, utilizing the rst few natural frequencies as the main parameters of the objective function and bene ting from multistage PSO as the optimizer to solve the inverse problem, a new damage detection method was proposed in [35] . In [36] , an objective function based on natural frequencies and modal shapes of the structure was de ned via the Modal Assurance Criterion where the inverse optimization problem is solved via employing a fusion of the GA and PSO. The performance of the paper is then assessed by the authors using a number of numerical studies demonstrating the performance of their suggested method. A Magnetic Charged System Search (MCSS) and a PSO are applied to the problem of damage detection using frequencies and mode shapes of the structures through which the performance of the process is validated using a variety of numerical examples in [37] . Seyedpoor and Yazdanpanah [38] solved the problem of damage detection by applying the Di erential Evolution (DE) as a global optimizer with an objective function de ned based on the changes in frequency vectors. More recently, a structural damage detection scheme has been proposed in [39] where frequency residual error and the modal assurance criterion were used as damage indices and the cuckoo search was utilized as the optimizer.
According to what is stated above, a new objective function is proposed in this paper which consists of both natural frequencies and mode shapes in order to enhance the accuracy and e ciency of the damage detection algorithm. Therefore, severity and location of structural damage can be detected with great accuracy using the method proposed; further, damage detection problem is de ned as an optimization problem with an objective function assigned using the Modal Assurance Criterion (MAC), to be minimized. The parameters used in MAC are natural frequencies and modal shapes of the structure. The Imperialist Competition Algorithm (ICA) is then used to optimize the objective function; in this way, the process of detecting damage is terminated. The method has been validated using four numerical examples including two beams: a shear frame and a plane truss. The results emphasize good and viable applicability of the presented method in damage identi cation.
Material and methods

Objective function
To achieve the proposed purpose, an appropriate objective function has to be de ned that consists of a number of parameters which are sensitive enough to detect all of the probable damages in the structure. The start point is the free vibration equation of the structures: 
Damage is modeled in the form of reduction in the sti ness of the structure and is mathematically shown in Eq. (3) where scalar variable, d, the values of which are bounded between 0 and 1, quanti es damage: As mentioned before, this paper is aimed at presenting a novel objective function with high level of sensitivity to structural damages. This function is de ned as follows:
where MAC w is the MAC value of the natural frequencies, and MAC j is that of the jth mode shape. Therefore, the introduced objective function measures the correlation between the numerical natural frequencies generated by the model and those of the experimental data. The same is done for the mode shapes of the structure. In other words, the MAC value is calculated for the numerical quantities of natural frequencies as well as mode shapes of the structure and those of the experimental data to see the degree of correlation between these two data-sets. This will result in nding the best predictions of the damage locations and severities. The basic concepts of MAC are included as follows:
2.1.1. Modal assurance criterion The Modal Assurance Criterion (MAC) is an essential tool in modal analysis. Because of its success in measuring the correlation between two vectors, this criterion has become a method of great importance. Conceptually, the Modal Assurance Criterion (MAC) is a measure of the degree of linearity between two vectors [40] . The modal assurance criterion is de ned as follows:
where fx d j g represents the numerical vectors generated during the modal analysis and optimization process and fx j g refers to experimental vectors.
Vectors used here to assess MAC values are the natural frequencies and mode shapes of the structure. Hence, when the rst`m' modes are used for solving the presented problem, the natural frequency-based term in Eq. (4) consists of the rst`m' modes' frequencies, and the mode shape-based term can be formed by employing the rst`m' mode shape vectors.
Optimization techniques 2.2.1. Imperialist competition algorithm
Imperial is the word for a government whose power is extended beyond its own physical boundaries. Such countries always try to increase the number of their colonies in order to extend their power all over the world. Therefore, there is an inherent competition among imperialist countries which enhances the power of the stronger empires and further weakens that of the relatively weaker ones. Inspiring these political rules, the ICA has been developed, which is an evolutionary optimization algorithm, to nd an optimal solution, usually the minimum of argument X of a certain function, f(x). Similar to other evolutionary optimization algorithms, this algorithm starts with an initial population called country. The number of countries is equal to N country , and they are divided into N imp imperialists and N col colonies. Every country is presented in a vector as follows [41] : country = [p 1 ; p 2 ; :::; p n ]: (8) The value of the objective function obtained from a trial solution can be calculated by a function as follows:
cost t = f(country) = f(p 1 ; p 2 ; :::; p n ): (9) The algorithm starts with an initial population of size N pop . To divide the colonies among the empires with respect to their powers, the normalized cost of an empire is de ned as follows:
NC n = c n max i fc i g ; (10) where C n is the cost of the nth empire. The colonies are assigned to empires based on their power, P n :
Then, the initial colonies are shared based on empires' normalized power as follows:
NOC n = round fp n :(N col )g ; (12) where NOC n is the number of the colonies of the nth empire, and N col is the total number of colonies. After the initialization process, the imperialistic countries begin to improve their colonies and attempt to absorb new colonies. This is the assimilation process which is modeled by moving the colonies towards the imperialist along di erent optimization axes. A random path is induced by a random deviation added to the direction of the movement in order to better explore the search space.
The total power of an empire depends on both the power of the imperialist country and the power of its colonies. Therefore, the total cost of the jth empire T:C :j is determined by:
T:C: j = f(imperialist)
f(the i-th colony of the j-th empire) N:C: j ; (13) where is a coe cient between 0 and 1. Normalized total cost N.T.C. of the jth empire is obtained as follows:
N.T.C: j = T.C: j max i fT:C: i g :
Then, possession probability, p p , of the jth empire is given by:
To share the colonies among the empires, vector D is de ned as follows:
where vector D is generated by random numbers uniformly distributed between 0 and 1, and vector P is de ned as follows:
A certain colony is given to an empire whose associated index in D has the maximum value. The last step is the elimination of the weak and powerless empires. If only one empire is left, then the optimization algorithm is terminated; otherwise, the algorithm starts again from the assimilation step [36] . To summarize, the following steps ought to be executed in order that the ICA can be performed on any arbitrary optimization problem, a owchart of which can be seen in Figure 1. 1. A number of points are selected randomly on the search space, thus initializing the empires; 2. The colonies are moved towards their associated imperialists (assimilation process); 3. If a colony associated with an empire possesses a lower cost than that of the imperialist, the positions of the colony and the imperialist ought to be switched; 4. The total cost of all of the empires is calculated; 5. The weakest colonies are taken from the weakest empires, and then are given to the most powerful empire; 6. The powerless empires are eliminated; 7. The algorithm is terminated if one single empire is left; otherwise, the algorithm is restarted from step 2.
In the context of damage detection, the cost function is the objective function de ned by Eq. (4). In addition, a owchart is presented in Figure 2 which illustrates di erent steps of the damage detection process in the framework for the optimization procedure. To be more precise, di erent steps and parameters of the ICA algorithm are associated with those of the damage detection problem so that the process can be more conveniently tracked in the optimization framework.
Numerical study results and discussions
This section is devoted to investigating the e ciency and applicability of the proposed approach to numerical examples. Thus, four numerical examples are examined in which simulations are made considering real-world obstacles such as measurement noise. In addition, the ICA solutions are compared to those of 3 other optimizers, and the results are included in order that the robustness of the method proposed by this paper can be clearly demonstrated. It is assumed in the paper that, notably, all active DOFs of the structures are measured via installed sensors. Accordingly, no incompleteness of data is observed during the damage detection process.
Ten-story shear frame
As a rst example, a ten-story one-bay shear frame, as shown in Figure 3 , has been studied. The physical properties of the frame are as follows: K = 2 10 6 N/m, m = 5 10 4 kg. As listed in Table 1 , a damage scenario is considered for the frame. In order to make the situation simpler and more vivid for engineering judgments, not only is the ideal case of noiseless state studied, but also the input measurement data are contaminated with noise and their e ects are taken into account in the computations. It is worth mentioning that the contaminating noise is added to the experimental data using the following equations as presented in [42] :
where ! n i and n i are the ith natural frequency and mode shape vector; and " are noise levels imposed on natural frequencies and mode shapes, respectively; i and i are a random value and a random vector generated between [{1,1] via MATLAB, respectively. As it can be observed from the table, element no. 3 is assumed to contain 5% damage, and element no. 6 contains 15% damage.
Another item the impacts of which are of interest is the number of measurement modes to be considered in the calculations. Thus, the problem is solved considering 3 di erent cases in which the rst 1, 3, and 5 vibration modes of the structure are considered. The problem is then optimized using the ICA, with selected parameters as follows: number of decades = 500, number of countries = 200, and number of initial imperialists = 20. It is worth noting that the associated parameters of the optimization algorithm are selected by trial and error since there is no overall rule dominating all optimization problems. The damage detection results of the noiseless state are shown in Figure 4 .
It can be clearly observed from the gure that all results are in good agreement with the real damaged state; thus, it can be concluded that, regardless of the number of vibrational modes considered, structural damages are accurately detected with this method.
The above results were obtained for the noiseless case. To further see the e ciency of the method in real conditions, the results are obtained for the case in which frequency data are contaminated with 5% noise. Similar to the noiseless state, the results considering the rst 1, 3, and 5 modes of the frame are acquired. The problem is then optimized using the ICA, with selected parameters as follows: number of decades = 500, number of countries = 200, and number of initial imperialists = 20. The convergence curve for this case is shown in Figure 5 , and damage detection results are shown in Figure 6 .
As it can be seen from Figure 5 , the cost function for the case considering 1 mode has converged faster than that of 3 modes, and the convergence rate of the case in which 5 vibration modes are considered is the slowest amongst the three plots. The reason lying behind this fact is that the input frequency data are contaminated with measurement noise; hence, the associated e ects of this phenomenon are more clearly seen when a larger amount of data are utilized in the damage diagnosis process. Despite the fact that measurement noise can a ect the convergence rate of the algorithm in speed, the accuracy of the results remains high.
Eventually, not only are the frequencies polluted with 5% noise, but the mode shapes are also contaminated with 1% noise. On this occasion, the rst 5 modes of the shear frame are taken into consideration since more noise e ects are observed when a higher number of modes are used. Hence, if accurate results can be gained with 5 modes, the results considering lower number of modes will de nitely be satisfactory. The problem is optimized using the ICA, with selected parameters as follows: number of decades = 500, number of countries = 200, and number of initial imperialists = 20. In this case, the results with and without noise are shown in Figure 7 . It is observable from Figure 7 that adding measurement noise to the mode shapes of the structure has led to mistakenly diagnosing some elements with a percentage of damage. However, this false diagnosis is limited to a very low damage level, close to zero, which can be acceptably neglected in damage detection problems. Besides, the level of preciseness of damage diagnosis associated with noisy frequency and mode shape data is accompanied by a negligible amount of discrepancy which is, again, admissible in damage detection problems.
The above gures clearly state that accuracy of the results is not considerably dependent on whether measurement noise exists or not. In fact, considering measurement noises both in natural frequencies and in mode shapes does not weaken the results and the results enjoy a high level of accuracy.
Simply supported beam
In the second example, a ten-element simply supported beam, as shown in Figure 8 , is investigated. The beam is 5 m in length, 0.5 m in width, and 0.7 m in height, and is discretized into 10 elements. Modulus of elasticity of the beam is E = 2:5 10 10 N/m 2 , and mass density is = 2500 kg/m 3 . The beam is investigated under two di erent damage scenarios as listed in Table 2 . In order to make the results more compatible with real circumstances, the second scenario is investigated under a noisy circumstance. The results are included in what follows. Furthermore, as in the previous example, the results are attained in three cases of the rst 1, 3, and 5 vibration modes of the beam so that the e ciency of the proposed method can be lucidly demonstrated.
In the rst scenario, 10% damage is assumed for element number 3. The problem is then untangled using the ICA, with selected parameters as follows: number of decades = 1000, number of countries = 200, and number of initial imperialists = 20.
Damage detection results using the rst 1, 3 and 5 modes of the beam are shown in Figure 9 .
The gure vividly illustrates that the exact values of assumed damages for the element are obtained via the propounded method.
The second scenario consists of a multiple damage case: 10% damage in the fourth element and rather severe 30-percent damage in the 7th element. As mentioned above, to further make the conditions compatible with real cases, natural frequencies of the beam are contaminated with di erent levels of noise. Therefore, 5%, 10%, 15%, and 20% noises are imposed on the frequencies. The problem is then optimized using the ICA, with selected parameters as follows: number of decades = 1000, number of countries = 200, and number of initial imperialists = 20. The convergence curves for this case are shown in Figure 10 .
According to the above gure, the convergence rate of the algorithm is vividly a ected by the level of noise since whenever the intensity of contamination is escalated, more complexity is added to the search space in the solution domain. Thereupon, the convergence curve corresponding to the case in which 5% frequency noise is imposed possesses the fastest convergence speed since the level of contamination is far lower than that of the other three cases. Damage detection results using the rst 3 modes of the beam for this case are shown in Figure 11 .
As expected, the results are in good agreement with the real damage severities. Actually, exact values are reaped for damage severities and locations no matter what the number of vibration modes considered is. In fact, even the level of noise applied to the computations has not a ected the accuracy of the results; the location and severity of damage in di erent scenarios is detected with high accuracy since, as it was mentioned earlier, the objective function is highly sensitive to structural damages and relatively insensitive to measurement noise. This characteristic of the o ered objective function is highly valuable in solving real-world damage diagnosis problems.
The method, thus, has successfully detected the assumed damage regardless of the number of modes considered, both in noiseless and noisy states.
Clamped beam
Although there are various evolutionary optimization algorithms, all of them follow the same searching rules, and despite the fact that all of them are di erent in some details, they should all give similar results to a speci c problem of interest. This section is assigned to examining a beam via four di erent optimizers, i.e. ICA, Cuckoo Search (CS), Genetic Algorithm (GA), and pattern search, each of which is an evolutionary search system. It is worth noting again that all evolutionary optimizers have a similar search approach, and only minor di erences exist in the details of their search processes as well as their approach to improving the results in di erent iterations. The structure under consideration is selected to be a 10-element beam with clamped supports at both ends, as shown in Figure 12 . As in Section 3.2, the beam is 4 m in length, 0.5 m in width, and 0.7 m in height, and modulus of elasticity of the beam is E = 2:5 10 10 N/m 2 , and mass density is = 2500 kg/m 3 . Two damage scenarios as listed in Table 3 are investigated for the beam through the mentioned optimizers.
In addition to the conditions mentioned above, natural frequency measurements are polluted with 5% noise in both scenarios in order that a more realistic model of the structure can be achieved. The problem is solved using the rst ve modes of the structure.
The problem is optimized with the four abovementioned optimization algorithms, and damage detection results for the rst and second scenarios using these algorithms are given In Figures 13 and 14 , respectively.
It is obvious from the bar graphs In Figures 13  and 14 that all four methods have been able to detect the assumed damages. However, whilst ICA has been able to accurately detect the damaged elements without mistakenly detecting any other damaged locations, CS algorithm has been shown to have some minor discrepancies in detecting the damaged elements. To be clearer, a negligible di erence can be seen between the real damage quantities and the identi ed damage severities obtained by CS. In addition, some elements are erroneously identi ed as damaged even though they are intact. However, the amount of discrepancy in the results can be negligible in comparison with the damage quantities. GA, on the other hand, has successfully detected the damaged locations with lower discrepancy, as compared to CS; however, the damage percentage is mistakenly attributed to some of the intact elements possessing higher values. Besides, pattern search has shown a performance superior to the performances of CS and GA since the results are of higher accuracy. However, the results obtained via ICA are the most reliable of all four algorithms. It should be mentioned that the minor discrepancies observed in CS, GA, and pattern search might be due to either measurement noise e ects or their searching parameters.
Planar truss
This section is aimed at examining a steel plane truss as shown in Figure 15 which is taken from [43] . [43] .
Two damage scenarios are assumed for this truss, which are listed in Table 4 .
As it was done for the previous examples, e ects of measurement noises are considered, and 5% noise is imposed on the natural frequencies in the rst scenario. Damage is detected in three cases of the rst 1, 3, and 5 modes of the truss in this scenario in order that e ects of the number of vibrational modes under consideration can be observed in the results. The problem is optimized using the ICA, with selected parameters as follows: number of decades = 1000, number of countries = 200, number of initial imperialists = 20, and the results attributed to this part are shown in Figure 16 . As expected, damage is successfully detected in the presence of measurement noises, considering di erent vibration modes in the calculations.
As it was noted in the previous section, although all evolutionary algorithms have similar mechanisms in nding the optimum solutions and, thus, their answers to the same problem should not be widely di erent, there always are some di erences due to their divergences in details. Moreover, in damage detection problems, it is important to use an optimizer the solutions of which to a certain problem in di erent runs are in a speci c admissible range. In other words, the stability of the solutions is what makes an optimization algorithm di erent from others since, as shown in the previous examples, the proposed method of this paper is capable of detecting damage, independent of the optimization algorithm selected to solve the inverse problem. Thus, in this section, a comparison is made between four evolutionary algorithms of ICA, GA, pattern search, and CS so as to compare their stability statuses in repeated runs. This is done in order to single out the optimization algorithm which results in the most stable solution trend in di erent runs. Accordingly, a plot of ve consecutive runs for each algorithm is provided in this part for solving the damage detection problem of the second scenario of the truss.
As shown in Table 4 , it is assumed that element no. 2 received 30% damage, the 19th element received 20% damage, and the 28th element contained 10% damage. In addition, both frequencies and mode shapes are polluted with 5% noise so as to make the situation more similar to the real conditions, and the problem is solved using the rst ve modes of the structure. Then, each of the above-mentioned optimizers is used ve times to solve the inverse problem of damage detection for this case. Figure 17 shows the results of these algorithms in the ve runs performed for detected damage severity of element no. 2, and the yellow line illustrates the real damage value.
Damage detection results using the four optimization algorithms in ve runs for the 19th element are shown in Figure 18 .
The results obtained from the same procedure for the 28th element are shown in Figure 19 . Although all algorithms have been able to estimate the damage severity in the selected damaged element, it is clear from the gure that not every algorithm can reach a unique value in all runs. ICA seems to have the most stable trend of solutions among all of the utilized algorithms since its solutions in ve runs are approximately the same. This demonstrates that ICA is a stable algorithm which can be trusted in searching the optimum solution to the damage detection scheme proposed in this paper.
That all of the algorithms have been able to approximately estimate damage is an illustration of the robustness of the intended damage detection method; Figure 19 . Damage detection results in 5 runs for element no. 28 using ICA, GA, pattern search, and CS, with 5% noise in ! and 5% noise in .
further, accurate results are obtained with the selection of ICA as the optimization tool to solve the inverse problem of damage detection.
Conclusion
An e ective damage identi cation method was developed in this paper in pursuit of diagnosing and localizing existing damages. Additionally, this paper put forward a novel method utilizing the modal assurance criterion in which natural frequencies and modal shapes were obtained from the characteristic equation of the structure in free vibration, and then were used separately as the parameters required in MAC formula. An e ective objective function was also suggested based on MAC with the imperialist competitive algorithm as the optimization method to solve the damage detection problem.
The method was validated using four di erent numerical examples, and a comparison between the ICA algorithm and three other algorithms was made to better show the e ciency of the technique and the selected optimization scheme. The results demonstrate clearly the e ectiveness of the method in detecting both the severity and location of the existing damages. Another striking point which is lucidly observed throughout the paper is the high stability of the selected optimizer, i.e. ICA, while obtaining the minimum solution to the damage detection problem which is recognized via the comparative numerical investigations of the paper to be the best tted optimization algorithm for the proposed method. This characteristic makes the whole proposed damage detection procedure reliable enough to be implemented on real-life structures. 
Biographies
